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EXPLICIT ESTIMATES FOR SOLUTIONS OF NONLINEAR
RADIATION-TYPE PROBLEMS
LUISA CONSIGLIERI
Abstract. We establish the existence of weak solutions of a nonlinear radiation-
type boundary value problem for elliptic equation on divergence form with discon-
tinuous leading coefficient. Quantitative estimates play a crucial role on the real
applications. Our objective is the derivation of explicit expressions of the involved
constants in the quantitative estimates, the so-called absolute or universal bounds.
The dependence on the leading coefficient and on the size of the spatial domain is
precise. This work shows that the expressions of those constants are not so elegant
as we might expect.
1. Introduction
Thermal effects on steady-state physical and technological models, whatever they
are from mechanical engineering, electrochemistry, biomedical engineering, to men-
tion a few, appear as an additional elliptic equation with a nonlinear radiation-type
boundary condition into the coupled PDE system under study [5–8]. These form a
boundary value problem constituted by an elliptic quasilinear second order equation
in divergence form with the leading coefficient depending on the spatial variable and
on the solution itself. The problem of determining radiative effects provides an in-
teresting special case of a conormal derivative boundary value problem for an elliptic
divergence structure equation [16]. Here, we deal with the radiation-type condition on
a part of the boundary, and on the remaining part the Neumann condition is taken into
account. Stationary heat conduction equation with the radiation boundary condition
(fourth power law) has been studied in two-dimensional [18] and three-dimensional [19]
Lipschitz domains.
In the existence theory, the quantitative estimates of solutions to a linear elliptic
equation in divergence form, with bounded and measurable coefficient, play a crucial
role. Indeed, they enjoy a large interest in the literature (see for instance [1,4,11,12,15,
20], and the references therein). Most mathematicians have bearing to keep abstract
the universal bounds along one whole work. The values of the intervener constants are
simply carried out. It is forgotten that their values are crucial on the real applications
and/or the numerical analysis (see [14] and the references therein) of the problems
under study. Our objective is to fill such gap.
The outline of the present paper is as follows. We begin by stating the problem
under study and its functional framework in the next section. The Hilbert case is
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studied in Section 3. We derive Lq (Section 4), L∞ (Section 5), and W 1,q (under L1-
data in Section 6) estimates for weak solutions. Finally, aW 1,p-estimate (p < n/(n−1)
for the Green kernel and a W 1,q-estimate for weak solutions of linear boundary value
problem, the so-called mixed Robin-Neumann problem, are obtained in Sections 7 and
8, respectively. Lipschitz domains, discontinuous leading coefficient, and L1-data are
the three mathematical shortcomings from the physical models on the real world. It
is taken them into account that our results are stated.
2. Statement of the problem
Set Ω a domain (that is, connected open set) in Rn (n ≥ 2) of class C0,1, and
bounded. Its boundary ∂Ω is constituted by two disjoint open (n − 1)-dimensional
sets, ΓN and Γ, such that ∂Ω = Γ¯N ∪ Γ¯. We consider ΓN over which the Neumann
boundary condition is taken into account, and Γ over which the radiative effects may
occur.
We study the following boundary value problem, in the sense of distributions,
−∇ · (A∇u) = f −∇ · f in Ω;(1)
(A∇u− f) · n+ b(u) = h on Γ;(2)
(A∇u− f) · n = g on ΓN ,(3)
where n is the unit outward normal to the boundary ∂Ω. Whenever the (n×n)-matrix
of the leading coefficient is A = aI, where a is a real function and I denotes the identity
matrix, the elliptic equation stands for isotropic materials. Our problem includes the
conormal derivative boundary value problem. For that, it is sufficient to consider the
situation Γ = ∂Ω (or equivalently ΓN = ∅). The problem (1)-(3) is the so-called mixed
Robin-Neumann problem if the boundary condition (2) is linear, i.e.
(4) b(u) = b∗u, for some b∗ > 0.
Set for any p, ℓ ≥ 1
Vp,ℓ := {v ∈ W 1,p(Ω) : v ∈ Lℓ(Γ)}
the Banach space endowed with the norm
‖v‖Vp,ℓ := ‖v‖p,Ω + ‖∇v‖p,Ω + ‖v‖ℓ,Γ.
For the sake of simplicity, we denote by the same designation v the trace of a function
v ∈ W 1,1(Ω). For p > 1, the space Vp,ℓ is reflexive by arguments given in [9]. Observe
that Vp,ℓ is a Hilbert space equipped with the inner product only if p = ℓ = 2. The
above norm is equivalent to
(5) ‖v‖1,p,ℓ := ‖∇v‖p,Ω + ‖v‖ℓ,Γ,
due to a Poincare´ inequality [3, Corollary 3]:
‖v‖p,Ω ≤ Pp
(
n∑
i=1
‖∂iv‖p,Ω + |Γ|1/p−1
∣∣∣∣
∫
Γ
vds
∣∣∣∣
)
.
Here | · | stands for the (n− 1)-Lebesgue measure. Throughout this work, the signifi-
cance of | · | also stands for the Lebesgue measure of a set of Rn.
EXPLICIT ESTIMATES TO NONLINEAR RADIATION-TYPE PROBLEMS 3
By trace theorem,
Vp,ℓ = W
1,p(Ω), if 1 ≤ ℓ < p(n− 1)/(n− p);
Vp,ℓ ⊂6= W 1,p(Ω), if ℓ > p(n− 1)/(n− p).
For 1 < q < n, the best constants of the Sobolev and trace inequalities are, respec-
tively, [2, 21]
Sq = π
−1/2n−1/q
(
q − 1
n− q
)1−1/q [
Γ(1 + n/2)Γ(n)
Γ(n/q)Γ(1 + n− n/q)
]1/n
;
Kq = π
(1−q)/2
(
q − 1
n− q
)q−1 [
Γ
(
q(n− 1)
2(q − 1)
)/
Γ
(
n− 1
2(q − 1)
)](q−1)/(n−1)
,
where Γ stands for the Gamma function. For 1∗ = n/(n − 1), there exists the limit
constant S1 = π
−1/2n−1[Γ(1 + n/2)]1/n [21]. Hence, we introduce Sq,ℓ = Sqmax{1 +
Pq2
(n−1)(1−1/q), Pq|Γ|1/q−1/ℓ} and Kq,ℓ = Kqmax{1 + Pq2(n−1)(1−1/q), Pq|Γ|1/q−1/ℓ} that
verify
‖v‖nq/(n−q),Ω ≤ Sq,ℓ‖v‖1,q,ℓ;(6)
‖v‖(n−1)q/(n−q),∂Ω ≤ Kq,ℓ‖v‖1,q,ℓ.(7)
Definition 2.1. We say that u ∈ Vp,ℓ is a weak solution to (1)-(3), if it verifies∫
Ω
(A∇u) · ∇vdx +
∫
Γ
b(u)vds =
∫
Ω
f · ∇vdx +(8)
+
∫
Ω
fvdx +
∫
ΓN
gvds +
∫
Γ
hvds, ∀v ∈ Vp′,ℓ,
where f ∈ Lp(Ω), f ∈ Lt(Ω), with t = pn/(n + p) if p > n/(n − 1) and any t > 1 if
1 < p ≤ n/(n− 1), g ∈ Ls(ΓN), with s = p(n− 1)/n if p > n/(n− 1) and any s > 1
if 1 < p ≤ n/(n− 1), and h ∈ Lℓ/(ℓ−1)(Γ).
All terms on the right hand side of (8) have sense, since the following embeddings
hold:
W 1,q(Ω) →֒ C(Ω¯) for q = p′ > n, i.e. p < n/(n− 1);
W 1,q(Ω) →֒ Lq∗(Ω)
W 1,q(Ω) →֒ Lq∗(∂Ω)
}
for q = p′ < n, i.e. p > n/(n− 1),
with q∗ = qn/(n − q) and q∗ = q(n − 1)/(n − q) being the critical Sobolev and trace
exponents, respectively, and p′ accounts for the conjugate exponent p′ = p/(p − 1).
We observe that q∗ > 1 is arbitrary if q = n.
Remark 2.1. We emphasize that the existence of equivalence between the differential
(1)-(3) and variational (8) formulations is only available under sufficiently data. For
instance, the Green formula may be applied if A∇u ∈ Lp(Ω) and ∇ · (A∇u) ∈ Lp(Ω).
Assume
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(A): A = [Aij ]i,j=1,··· ,n ∈ [L∞(Ω)]n×n is uniformly elliptic, and uniformly bounded:
∃a# > 0, Aij(x)ξiξj ≥ a#|ξ|2, a.e. x ∈ Ω, ∀ξ ∈ Rn;(9)
∃a# > 0, ‖A‖∞,Ω ≤ a#,(10)
under the summation convention over repeated indices.
(B): b : Ω×R→ R is a Carathe´odory function such that it is strictly monotone
with respect to the last variable, and it has the following (ℓ − 1)-growthness
properties:
∃b# > 0, b(x, T )sign(T ) ≥ b#|T |ℓ−1;(11)
∃b# > 0, |b(x, T )| ≤ b#|T |ℓ−1,(12)
for a.e. x ∈ Ω, and for all T ∈ R.
Remark 2.2. If b(T ) = |T |ℓ−2T , for all T ∈ R, the property of strong monotonicity
occurs with b# = 2
(2−ℓ) [9, Lemma 3.3].
3. V2,ℓ-solvability (ℓ ≥ 2)
We establish the existence and uniqueness of weak solution as well as its quantitative
estimate. Although their proof is quite standard, the explicit expression of the bound
is unknown, as far as we known.
Proposition 3.1. Let f ∈ L2(Ω), f ∈ Lt(Ω), with t = (2∗)′, i.e. t = 2n/(n + 2) if
n > 2 and any t > 1 if n = 2, g ∈ Ls(ΓN), with s = 2(n−1)/n if n > 2 and any s > 1
if n = 2. Under the assumptions (A)-(B), there exists u ∈ V2,ℓ being a weak solution
to (1)-(3), i.e. solving (8) for all v ∈ V2,ℓ. Moreover, the following estimate holds
a#
2
‖∇u‖22,Ω +
b#(ℓ− 1)
ℓ
‖u‖ℓℓ,Γ ≤
1
2a#
(‖f‖2,Ω + Fn(‖f‖t,Ω, ‖g‖s,ΓN ))2 +(13)
+
ℓ− 1
ℓb
1/(ℓ−1)
#
(‖h‖ℓ/(ℓ−1),Γ +Hn(‖f‖t,Ω, ‖g‖s,ΓN ))ℓ/(ℓ−1) := A,
where Fn(A,B) = Hn(A,B) = S2,ℓA+K2,ℓB if n > 2, F2(A,B) = H2(|Ω|1/t′A, |Ω|1/(2s′)B),
and H2(A,B) = S2t/(3t−2),ℓA + K2s/(2s−1),ℓB if t < 2. In particular, if t ≥ 2 = n,
the estimate (13) holds with F2(A,B) = H2(|Ω|1/2A, |Ω|1/(2s′)B), and H2(A,B) =
S1,ℓ|Ω|1/2−1/tA+K2s/(2s−1),ℓB.
Proof. The existence and uniqueness of a weak solution u ∈ V2,ℓ is consequence of the
Browder-Minty theorem, since the functional T : V2,ℓ → (V2,ℓ)′ defined by
T (v) =
∫
Ω
(A∇u) · ∇vdx +
∫
Γ
b(u)vds
is strictly monotone, continuous, bounded and coercive.
Taking v = u ∈ V2,ℓ as a test function in (8), using the Ho¨lder inequality we obtain
a#‖∇u‖22,Ω + b#‖u‖ℓℓ,Γ ≤ ‖f‖2,Ω‖∇u‖2,Ω +(14)
+‖h‖ℓ/(ℓ−1),Γ‖u‖ℓ,Γ + ‖f‖t,Ω‖u‖t′,Ω + ‖g‖s,ΓN‖u‖s′,ΓN .
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For n > 2, making use of (6) and (7) with q = 2, we get
a#
2
‖∇u‖22,Ω +
b#
ℓ ′
‖u‖ℓℓ,Γ ≤
1
2a#
(‖f‖2,Ω + S2,ℓ‖f‖t,Ω +K2,ℓ‖g‖s,ΓN )2 +
+
1
ℓ ′b
1/(ℓ−1)
#
(‖h‖ℓ/(ℓ−1),Γ + S2,ℓ‖f‖t,Ω +K2,ℓ‖g‖s,ΓN)ℓ/(ℓ−1) .
Therefore, (13) follows.
Consider the case of dimension n = 2. For t, s > 1, using the Ho¨lder inequality in
(6) with q = 2t′/(t′ + 2) if t′ ≥ 2, and in (7) for any s > 1, we have
‖u‖t′,Ω ≤ S 2t
3t−2
,ℓ‖u‖1,2t/(3t−2),ℓ ≤ S 2t
3t−2
,ℓ
(
|Ω|1/t′‖∇u‖2,Ω + ‖u‖ℓ,Γ
)
;
‖u‖s′,ΓN ≤ K 2s
2s−1
,ℓ‖u‖1,2s/(2s−1),ℓ ≤ K 2s
2s−1
,ℓ
(
|Ω|1/(2s′)‖∇u‖2,Ω + ‖u‖ℓ,Γ
)
.
Inserting the above inequalities in (14), it results in (13).
Finally, if t > 2, we have
‖u‖t′,Ω ≤ |Ω|1/2−1/t‖u‖2,Ω ≤ |Ω|1/2−1/tS1,ℓ
(|Ω|1/2‖∇u‖2,Ω + ‖u‖ℓ,Γ) .
This concludes the proof of Proposition 3.1. 
Remark 3.1. Proposition 3.1 remains valid if the assumption h ∈ Lℓ/(ℓ−1)(Γ) is
replaced by h ∈ Ls(Γ), with the estimate (13) being rewritten with
A = 1
2a#
(‖f‖2,Ω + Fn(‖f‖t,Ω, ‖g‖s,ΓN + ‖h‖s,Γ))2 +(15)
+
ℓ− 1
ℓb
1/(ℓ−1)
#
[Hn(‖f‖t,Ω, ‖g‖s,ΓN + ‖h‖s,Γ)]ℓ
′
.
Corollary 3.1. Under the conditions of Proposition 3.1, we have
‖u‖2p/(p−2),Ω ≤ S 2pn
2p+n(p−2)
,ℓ
(
|Ω| 1n− 1p
(
2A
a#
)1/2
+
(
ℓ ′A
b#
)1/ℓ)
;(16)
‖u‖2s′,Ω ≤ K 2sn
2s+(n−1)(s−1)
,ℓ
(
|Ω| s−n+12ns
(
2A
a#
)1/2
+
(
ℓ ′A
b#
)1/ℓ)
,(17)
for p ≥ n > 2, p > n = 2, s ≥ n− 1 > 1, and s > 1 (n = 2).
Proof. Making use of (6) with q = 2pn/[2p + n(p − 2)] if p > 2, and the Ho¨lder
inequality for p ≥ n, we obtain
‖u‖2p/(p−2),Ω ≤ S 2pn
2p+n(p−2)
,ℓ‖u‖1, 2pn
2p+n(p−2)
,ℓ ≤
≤ S2pn/[2p+n(p−2)],ℓ
(|Ω|1/n−1/p‖∇u‖2,Ω + ‖u‖ℓ,Γ) .
Applying (13) in the above inequality, we conclude (16).
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Making use of (7) with q = 2sn/[2s + (n − 1)(s − 1)] if s > 1, and the Ho¨lder
inequality for s ≥ n− 1, we obtain
‖u‖2s/(s−1),∂Ω ≤ K 2sn
2s+(n−1)(s−1)
,ℓ‖u‖1, 2sn
2s+(n−1)(s−1)
,ℓ ≤
≤ K2sn/[2s+(n−1)(s−1)],ℓ
(|Ω|(s−n+1)/(2ns)‖∇u‖2,Ω + ‖u‖ℓ,Γ) .
Thus, (17) holds as before. 
4. Lq-estimates (q < 2(n− 1)p/[2(n− 1)− p], 2 < p < 2(n− 1))
Section 3 ensures the existence of a weak solution, u ∈ L2p/(p−2)(Ω), to (1)-(3) in
accordance with Definition 2.1, only if p ≥ n > 2. Let us improve that.
First, let us introduce the Marcinkiewicz space, L∗p(Ω), which is Banach space of the
measurable functions that have finite the following norm [12]:
‖v‖∗,p,Ω := sup
t>0
t|Ω[|v| > t]|1/p,
for p > 1 and 0 < ε ≤ p − 1, and Ω[|v| > t] := {x ∈ Ω : |v(x)| > t}. Moreover, we
recall the following property
(18) ‖v‖p−ε,Ω ≤
(p
ε
)1/(p−ε)
|Ω|ε/[p(p−ε)]‖v‖∗,p,Ω, ∀v ∈ L∗p(Ω).
We derive the explicit estimates via the analysis of the decay of the level sets of
the solution [20], extending the global estimate established in [10] of (u, u|∂Ω) in
Lnp/(n−p)(Ω)× L(n−1)p/(n−p)(∂Ω) if f ∈ Lp(Ω) with 2 ≤ p < n.
Proposition 4.1. Let 2 < p, r < 2(n − 1), u ∈ H1(Ω) be any weak solution to (1)-
(3) in accordance with Definition 2.1, and (9) and (11) be fulfilled. If f ∈ Lp(Ω),
f ∈ Lnp/(p+n)(Ω), g ∈ L(n−1)p/n(ΓN), and h ∈ Lr(Γ), then we have, for every q <
2(n− 1)/[n− 2− 2(n− 1)δ] := Q,
(19) ‖u‖q,Ω + ‖u‖q,∂Ω ≤ Kq,δ
(
B + 2|Ω¯[|u| > 1]| n−22(n−1)−δ
)
,
where δ = min{1/2− 1/p, 1/2− 1/r}, and the positive constants K and B are
Kq,δ = 2
n−2
n−2−2(n−1)δ
(
Q
Q− q
)1/q (
|Ω| 1q− 1Q + |∂Ω| 1q− 1Q
)
;
B = (|Ω| n−22(n−1)nS2,2 +K2,2)
[(
1
a#
+
1√
a#b#
)
(‖f‖p,Ω + Cn,p,r)|Ω|
1
2
− 1
p
−δ
+
(
1
b#
+
1√
a#b#
)
(‖h‖r,Γ + Cn,p,r)|Γ|1/2−1/r−δ
]
;
Cn,p,r = Sp′,r′‖f‖np/(p+n),Ω +Kp′,r′‖g‖(n−1)p/n,ΓN , ∀n ≥ 2.
Proof. Let k ≥ k0 = 1. Hence forth we use the notation A(k) = {x ∈ A : |u(x)| > k},
with the set A being either Ω, ΓN , Γ, ∂Ω or Ω¯. Choosing v = sign(u)(|u| − k)+ =
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sign(u)max{|u| − k, 0} ∈ H1(Ω) as a test function in (8), then ∇v = ∇u ∈ L2(Ω(k)).
Since |u| > 1 a.e. on Γ(k), taking (9) and (11) into account, we deduce
a#
∫
Ω(k)
|∇u|2dx + b#
∫
Γ(k)
(|u| − k)2ds ≤(20)
≤ ‖f‖2,Ω(k)‖∇u‖2,Ω(k) + ‖f‖ np
p+n
,Ω‖(|u| − k)+‖ np
np−n−p
,Ω +
+‖g‖ (n−1)p
n
,ΓN
‖(|u| − k)+‖ (n−1)p
np−n−p
,ΓN
+ ‖h‖2,Γ(k)‖|u| − k‖2,Γ(k).
Using the Ho¨lder inequality, it follows that (p, r > 2)
‖f‖2,Ω(k) ≤ ‖f‖p,Ω|Ω(k)|1/2−1/p;
‖h‖2,Γ(k) ≤ ‖h‖r,Γ|Γ(k)|1/2−1/r.
Making use of (6)-(7) and (|u| − k)+ ∈ Vp′,r′ with p′ < 2 ≤ n and r′ < 2, and the
Ho¨lder inequality, we get
‖(|u| − k)+‖ np
n(p−1)−p
,Ω ≤ Sp′,r′
(
|Ω(k)|1/p′−1/2‖∇u‖2,Ω(k)+
+|Γ(k)|1/r′−1/2‖|u| − k‖2,Γ(k)
)
;
‖(|u| − k)+‖ (n−1)p
n(p−1)−p
,ΓN
≤ Kp′,r′
(
|Ω(k)|1/p′−1/2‖∇u‖2,Ω(k)+
+|Γ(k)|1/r′−1/2‖|u| − k‖2,Γ(k)
)
.
Inserting last four inequalities into (20) we obtain
a#‖∇u‖22,Ω(k) + b#‖|u| − k‖22,Γ(k) ≤
(‖f‖p,Ω + Cn,p,r)2
a#
|Ω(k)|1− 2p(21)
+
(‖h‖r,Γ + Cn,p,r)2
b#
|Γ(k)|1−2/r, ∀p, r > 2.
It results in
‖(|u| − k)+‖1,2,2 ≤
[(
1
a#
+
1√
a#b#
)
(‖f‖p,Ω + Cn,p,r)|Ω(k)|1/2−1/p
(|Ω(k)|+ |Γ(k)|)δ +(22)
+
(
1
b#
+
1√
a#b#
)
(‖h‖r,Γ + Cn,p,r)|Γ(k)|1/2−1/r
(|Ω(k)|+ |Γ(k)|)δ
]
|Ω¯(k)|δ.
For h > k > k0, we have
(23) (h− k)|Ω¯(h)|1/α ≤ ‖|u| − k‖α,Ω(k) + ‖|u| − k‖α,∂Ω(k), ∀α ≥ 1.
Choosing α = 2(n− 1)/(n− 2), we use (6) and (7), (|u| − k)+ ∈ W 1,nα/(α+n−1)(Ω),
with nα/(α+ n− 1) < n, and the Ho¨lder inequality since nα/(α+ n− 1) ≤ 2. Thus,
we have
‖|u| − k‖α,Ω(k) ≤ |Ω| 1nαS2,2
(‖∇u‖2,Ω(k) + ‖|u| − k‖2,Γ(k)) ;
‖|u| − k‖α,∂Ω(k) ≤ K2,2
(‖∇u‖2,Ω(k) + ‖|u| − k‖2,Γ(k)) .
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Applying (22)-(23), we find
(h− k)|Ω¯(h)|1/α ≤ B|Ω¯(k)|δ.
Observing that β = αδ < 1 if and only if p, r < 2(n−1), we may appeal to [20, Lemma
4.1 (iii)], deducing
hα/(1−β)|Ω¯(h)| ≤ 2α/(1−β)2 (Bα/(1−β) + (2k0)α/(1−β)|Ω¯(k0)|) .
Considering k0 = 1, using (18) the claimed estimate (19) holds. 
5. L∞-estimates
In this section, we establish some maximum principles, by recourse to the De Giorgi
technique [20], and the Moser iteration technique [12, pp. 189-190]. New results
are stated that provide L∞-estimates up to the boundary under any space dimension
n ≥ 2.
5.1. De Giorgi technique.
Proposition 5.1. Let p > n ≥ 2, r > 2(n − 1), u ∈ H1(Ω) be any weak solution
to (1)-(3) in accordance with Definition 2.1, and (9) and (11) be fulfilled. Under the
hypotheses f ∈ Lp(Ω), f ∈ Lnp/(p+n)(Ω), g ∈ L(n−1)p/n(ΓN ), and h ∈ Lr(Γ), we have
(24) ess sup
Ω∪∂Ω
|u| ≤ 1 +
{
2γ/(γ−
1
2
+ 1
n
)(|Ω|+ |∂Ω|)γ− 12+ 1nZn if n > 2
2
αγ+1/2
αγ−1/2 (|Ω|+ |∂Ω|)γ−1/(2α)Z2 if n = 2
where α > 1/(2γ), γ = min{1/2− 1/p, (1/2− 1/r)(n− 1)/n}, and Zn is
Zn = (S2,2 +K2,2)
[(
1
a#
+
1√
a#b#
)
(‖f‖p,Ω + Cn,p,r)|Ω|
1
2
− 1
p
−γ
+
(
1
b#
+
1√
a#b#
)
(‖h‖r,Γ + Cn,p,r)|Γ|1/2−1/r−γn/(n−1)
]
if n > 2;
Z2 = (S1,1 +K1,1)
[(
|Ω|1/(2α)
a#
+
1√
a#b#
)
(‖f‖p,Ω + C2,p,r)|Ω|
1
2
− 1
p
−γ
+
(
1
b#
+
|Ω|1/(2α)√
a#b#
)
(‖h‖r,Γ + C2,p,r)|Γ|1/2−1/r−2γ
]
,
with Cn,p,r being given in Proposition 4.1.
Proof. Arguing as in the proof of Proposition 4.1, (21) holds. Defining Σ(k) = |Ω(k)|+
|∂Ω(k)|n/(n−1), we have
(25) (h− k)|Σ(h)|1/α ≤ ‖|u| − k‖α,Ω(k) + ‖|u| − k‖α(n−1)/n,∂Ω(k) := I,
for every h > k > k0 = 1 and α ≥ n/(n− 1).
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Next, taking α = 2n/(n − 2) if n > 2 and any α > 1/(2γ) if n = 2, we get
(|u| − k)+ ∈ W 1,nα/(α+n)(Ω). Thus, we use (6) and (7) with nα/(α + n) < n, and the
Ho¨lder inequality, obtaining
‖|u| − k‖α,Ω(k) ≤ S nα
α+n
, nα
α+n
(|Ω|z‖∇u‖2,Ω(k) + ‖|u| − k‖2,Γ(k))Σ(k)z;
‖|u| − k‖α(n−1)
n
,∂Ω(k)
≤ K nα
α+n
, nα
α+n
(|Ω|z‖∇u‖2,Ω(k) + ‖|u| − k‖2,Γ(k))Σ(k)z,
where z = 0 if n > 2, and z = 1/(2α) if n = 2. Let us split these two situations.
Case n > 2.: Applying (21), we obtain
I ≤ (S2,2 +K2,2)
[(
1
a#
+
1√
a#b#
)
(‖f‖p,Ω + Cn,p,r)|Ω(k)|1/2−1/p
(|Ω(k)|+ |Γ(k)|n/(n−1))γ +
+
(
1
b#
+
1√
a#b#
)
(‖h‖r,Γ + Cn,p,r)|Γ(k)|1/2−1/r
(|Ω(k)|+ |Γ(k)|n/(n−1))γ
]
Σγ .
Case n = 2.: Applying (21), we obtain
I ≤ (S1,1 +K1,1)
[(
|Ω| 12α
a#
+
1√
a#b#
)
(‖f‖p,Ω + Cn,p,r)|Ω(k)|
1
2
− 1
p
(|Ω(k)|+ |Γ(k)|n/(n−1))γ +
+
(
1
b#
+
|Ω|1/(2α)√
a#b#
)
(‖h‖r,Γ + Cn,p,r)|Γ(k)|1/2−1/r
(|Ω(k)|+ |Γ(k)|n/(n−1))γ
]
Σγ+1/(2α).
In both cases, we infer from (25) that
|Σ(h)| ≤
( Zn
h− k
)α
|Σ(k)|β, β =
{
αγ if n > 2
αγ + 1/2 if n = 2
where β > 1 if and only if p > n and r > 2(n− 1).
By appealing to [20, Lemma 4.1 (i)] we conclude
|Σ(k0 + Zn|Σ(k0)|(β−1)/α2β/(β−1))| = 0.
This means that the essential supremmum does not exceed the well determined con-
stant k0 + Zn|Σ(k0)|(β−1)/α2β/(β−1). This completes the proof of Proposition 5.1. 
Remark 5.1. In particular, if f = g = h = 0 on the corresponding domains and
f ∈ Lp(Ω) for p > n, then
ess sup
Ω∪∂Ω
|u| ≤ 1 + Zn‖f‖p,Ω


(|Ω|+ |∂Ω|) 1n− 1p
(
1
a#
+ 1√
a#b#
)
if n > 2
(|Ω|+ |∂Ω|)α−12α − 1p
(
|Ω|
1
2α
a#
+ 1√
a#b#
)
if n = 2
for every α > p/(p − 2), with Zn = (S2,2 + K2,2)2
n(p−2)
2(p−n) if n > 2, and Z2 = (S1,1 +
K1,1)2
(α+1)/2−1/p
(α−1)/2−1/p .
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5.2. Moser iteration technique.
Proposition 5.2. Let p > n ≥ 2, ℓ ≥ 2, u ∈ V2,ℓ be any weak solution to (1)-(3),
in accordance with Definition 2.1, under f ∈ Lp(Ω), f ∈ Lp/2(Ω), g = 0 on ΓN , and
h = 0 on Γ, and (9) and (11) be fulfilled. Then, u satisfies
(26) ess sup
Ω∪∂Ω
|u| ≤ Enχ(
∑
m≥0mχ
−m)(
√
2E)χ/(χ−1)‖u‖2p/(p−2),Ω,
with En = S
χ/(χ−1)
2,2 and χ = n(p−2)/[p(n−2)] if n > 2, and E2 = Sχ/(χ−1)pχ/[p(χ+1)−2],pχ/[p(χ+1)−2]
max{|Ω|(p−2)/[2p(χ−1)], |Γ|(p−2)/[2p(χ−1)]} for any χ > 1, and
E =
√
(‖f‖2p,Ω/a# + 2‖f‖p/2,Ω)/min{a#, b#}.
Proof. Let β ≥ 1, and k > 1. Defining the truncation operator Tk(y) = min{y, k},
set w = Tk(|u|) ∈ H1(Ω) ∩ L∞(Ω) that satisfies w ∈ L∞(∂Ω). Choosing v =
β2sign(u)w2β−1/(2β − 1) ∈ V2,ℓ as a test function in (8), then ∇v = β2u2(β−1)∇u
in Ω[|u| < k], and ∇v = 0 in Ω \ Ω[|u| < k]. Thus, applying (9) and (11) we deduce
a#
∫
Ω
|∇(wβ)|2dx + β
2
2β − 1b#
∫
Γ
|u|ℓ−1|w|2β−1ds ≤(27)
≤
∫
Ω
(A∇u) · ∇vdx +
∫
Γ
b(u)vds ≤ a#
2
‖∇(wβ)‖22,Ω +
+
β2
2a#
‖fwβ−1‖22,Ω +
β2
2β − 1‖fw
2β−1‖1,Ω,
using the Ho¨lder inequality.
We may suppose that w > 1. Otherwise, w = |u| ≤ 1 < k. Using the Ho¨lder
inequality, we separately compute, for p > 2,∫
Ω
|f |2w2(β−1)dx ≤ ‖f‖2p,Ω‖wβ‖2q,Ω, q = 2p/(p− 2) > 2;∫
Ω
|f |w2β−1dx ≤ ‖f‖p/2,Ω‖wβ‖2q,Ω.
Inserting these two inequalities in (27), and considering that the left hand side absorbs
the corresponding term of the right hand side, we obtain
(28)
(‖∇(wβ)‖22,Ω + ‖wβ‖22,Γ)1/2 ≤ βE‖wβ‖q,Ω.
Let us split the proof of estimate (26) into two space dimension dependent cases.
Case n > 2. Making use of (6), wβ ∈ W 1,2(Ω) →֒ Lqχ(Ω), with qχ = 2n/(n − 2)
i.e. χ = n(p − 2)/[p(n − 2)] > 1 considering that p > n, and after applying (28), we
deduce
‖w‖βqβχ,Ω ≤ S2,2‖wβ‖1,2,2 ≤ S2,2
√
2
(‖∇(wβ)‖22,Ω + ‖wβ‖22,Γ)1/2
≤ S2,2
√
2Eβ‖u‖βqβ,Ω.
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Then, we may pass to the limit the resulting inequality as k →∞ by Fatou lemma,
obtaining
‖u‖qβχ,Ω ≤ (βS2,2
√
2E)1/β‖u‖qβ,Ω.
Taking β = χm > 1, by induction, we have
(29) ‖u‖qχN ,Ω ≤ (S2,2
√
2E)aNχbN‖u‖q,Ω, ∀N ∈ N,
where
aN =
N−1∑
m=0
χ−m and bN =
N−1∑
m=0
mχ−m.
Therefore, by the definition
‖u‖∞,Ω = lim
N→∞
‖u‖qχN ,Ω,
and observing that limN→∞ aN stands for the geometric series, we find
ess sup
Ω
|u| ≤ Enχ(
∑
m≥0 mχ
−m)(
√
2E)χ/(χ−1)‖u‖2p/(p−2),Ω.
Next, making use of (7), wβ ∈ W 1,2(Ω) →֒ L2(n−1)/(n−2)(∂Ω), and (28), we deduce
‖w‖ββ2(n−1)/(n−2),∂Ω ≤ K2,2
√
2
(‖∇(wβ)‖22,Ω + ‖wβ‖22,Γ)1/2 ≤
≤ K2,2
√
2Eβ‖u‖βqβ,Ω.
Taking β = χm > 1, and applying (29), we get
‖w‖χm2(n−1)/(n−2),∂Ω ≤ Kχ−m2,2 Sam2,2 (
√
2E)am+1χbm+1‖u‖q,Ω.
Thus, we may pass to the limit the above inequality first as k →∞ by Fatou lemma,
and next as m→∞, concluding
ess sup
∂Ω
|u| ≤ Enχ(
∑
m≥0 mχ
−m)(
√
2E)χ/(χ−1)‖u‖2p/(p−2),Ω,
which finishes (26).
Case n = 2. Making use of wβ ∈ W 1,2(Ω) →֒ W 1,2qχ/(qχ+2)(Ω) →֒ Lqχ(Ω), with
qχ = 2pχ/(p− 2) considering that p > n = 2, and next applying (28), we deduce
‖w‖βqβχ,Ω ≤ S2qχ/(qχ+2),2qχ/(qχ+2)‖wβ‖1,2qχ/(qχ+2),2qχ/(qχ+2) ≤
≤ S2qχ/(qχ+2),2qχ/(qχ+2)
(|Ω|1/(qχ)‖∇(wβ)‖2,Ω + |Γ|1/(qχ)‖wβ‖2,Γ) ≤
≤ S2qχ/(qχ+2),2qχ/(qχ+2)max{|Ω|1/(qχ), |Γ|1/(qχ)}
√
2Eβ‖u‖βqβ,Ω.
For the boundary bound, we use wβ ∈ W 1,2(Ω) →֒ W 1,2qχ/(qχ+1)(Ω) →֒ Lqχ(∂Ω),
deducing
‖w‖βqβχ,∂Ω ≤ K 2qχ
qχ+1
, 2qχ
qχ+1
max{|Ω|1/(2qχ), |Γ|1/(2qχ)}
√
2Eβ‖u‖βqβ,Ω.
Thus, we may proceed as in the above case, completing the proof of Proposition
5.2. 
In the following result stands for the particular case: f = g = h = 0.
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Corollary 5.1. Under the conditions of Proposition 5.2, there exists a L∞-constant,
C∞, to the problem (1)-(3), that is, for p > n,
ess sup
Ω∪∂Ω
|u| ≤ C∞‖f‖1+χ/(χ−1)p,Ω ,
with
C∞ = Enχ
(
∑
m≥0mχ
−m)
(
2
a#min{a#, b#}
) χ
2(χ−1)
×
×S 2pn
2p+n(p−2)
,ℓ
(
|Ω| 1n− 2p+ 12
a#
+
(
ℓ ′|Ω|1−1/p
2a#b#
)1/ℓ)
.
Proof. It suffices to insert the estimate (16) into (26). 
Proposition 5.3. Let n ≥ 2, s > n− 1, u ∈ H1(Ω) be any weak solution to (1)-(3),
in accordance with Definition 2.1, and (9) and (11) be fulfilled. If f = 0 and f = 0 in
Ω, g ∈ Ls(ΓN ), and h ∈ Ls(Γ), then
(30) ess sup
Ω¯
|u| ≤ Gnχ(
∑
m≥0 mχ
−m)(
√
2G)χ/(χ−1)‖u‖2s/(s−1),∂Ω,
with Gn = K
χ/(χ−1)
2,2 , χ = (s−1)(n−1)/[s(n−2)] if n > 2, and G2 = Kχ/(χ−1)4sχ/(2sχ+s−1),4sχ/(2sχ+s−1)
max{|Ω|(s−1)/[4s(χ−1)], |Γ|(s−1)/[4s(χ−1)]} for any χ > 1, and
G =
√
(‖g‖s,ΓN + ‖h‖s,Γ) /min{a#, b#}.
Proof. Let β ≥ 1, and k > 1. For s > 1, and q = 2s/(s − 1), proceeding as in the
proof of Proposition 5.2, we deduce
a#
∫
Ω
|∇(wβ)|2dx + β
2
2β − 1b#
∫
Γ
|u|ℓ−1|w|2β−1ds ≤
≤ β
2
2β − 1
(‖gw2β−1‖1,ΓN + ‖hw2β−1‖1,Γ) ≤
≤ β2(‖g‖s,ΓN‖wβ‖2q,ΓN + ‖h‖s,Γ‖wβ‖2q,Γ).
Thus, we obtain
(31)
(‖∇(wβ)‖22,Ω + ‖wβ‖22,Γ)1/2 ≤ βG‖wβ‖q,∂Ω,
Then, we obtain
‖u‖q1βχ,Ω ≤ (β
√
2GM1)1/β‖u‖qβ,∂Ω;
‖u‖qβχ,∂Ω ≤ (β
√
2GM2)1/β‖u‖qβ,∂Ω,
Case n > 2: SettingM1 = S2,2, andM2 = K2,2, by using (6), and w
β ∈ W 1,2(Ω) →֒
Lq1χ(Ω), (7), and wβ ∈ W 1,2(Ω) →֒ Lqχ(∂Ω) with qχ = 2(n − 1)/(n − 2) i.e.
χ = (s− 1)(n− 1)/[s(n− 2)] > 1 if s > n− 1.
Case n = 2: Setting M1 = S2q1χ/(q1χ+2),2q1χ/(q1χ+2)max{|Ω|1/(q1χ), |Γ|1/(q1χ)}, and
M2 = K2qχ/(qχ+1),2qχ/(qχ+1)max{|Ω|1/(2qχ), |Γ|1/(2qχ)}, by using (7) with wβ ∈
W 1,2q1χ/(q1χ+2)(Ω) →֒ Lq1χ(Ω), and (7) with wβ ∈ W 1,2qχ/(qχ+1)(Ω) →֒ Lqχ(∂Ω).
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In both cases, following the argument of the proof of Proposition 5.2, we get
‖u‖q1χN+1,Ω ≤Mχ
−N
1 (
√
2G)aN+1MaN2 χbN+1‖u‖q,∂Ω;
‖u‖qχN ,∂Ω ≤ (
√
2GM2)aNχbN‖u‖q,∂Ω, ∀N ∈ N.
Therefore, we conclude (30), finishing the proof of Proposition 5.3. 
Corollary 5.2 (Linear Robin-Neumann problem). Under the conditions of Proposi-
tions 5.2 and 5.3, if (4) is assumed then there exists a weak solution, u ∈ H1(Ω), to
(1)-(3) in accordance with Definition 2.1, such that
ess sup
Ω¯
|u| ≤ Ξ1
(‖f‖2p,Ω/a# + 2‖f‖p/2,Ω
min{a#, b∗}
) χ1
2(χ1−1) ‖f‖2,Ω + Ln‖f‖t,Ω
min{a#, b∗} +(32)
+Ξ2
(‖g‖s,ΓN + ‖h‖s,Γ
min{a#, b∗}
) χ2
2(χ2−1) Mn(‖g‖s,ΓN + ‖h‖s,Γ)
min{a#, b∗} ,
where
Ξ1 = Enχ
(
∑
m≥0 mχ
−m
1 )
1
√
2
χ1/(χ1−1)
S 2pn
2p+n(p−2)
,ℓ
(
|Ω| p−nnp + 1
)
;
Ξ2 = Gnχ
(
∑
m≥0 mχ
−m
2 )
2
√
2
χ2/(χ2−1)
K 2sn
2s+(n−1)(s−1)
,ℓ
(
|Ω| s−n+12ns + 1
)
,
with En and χ1 being the constants in accordance with Proposition 5.2, Gn and χ2
being the constants in accordance with Proposition 5.3, Ln = 2S2,ℓ if n > 2, L2 =
(|Ω|1/t′ + 1)S2t/(3t−2),ℓ if t < 2, L2 = (|Ω|1/2 + 1)|Ω|1/2−1/tS1,ℓ if t ≥ 2, Mn = 2K2,ℓ if
n > 2, and M2 = (|Ω|1/(2s′) + 1)K2s/(2s−1),ℓ.
Proof. From Propositions 3.1 and 5.2, there exists u1 ∈ H1(Ω) solving∫
Ω
(A∇u1) · ∇vdx +
∫
Γ
u1vds =
∫
Ω
f · ∇vdx +
∫
Ω
fvdx, ∀v ∈ H1(Ω),
such that it verifies
(33) ess sup
Ω¯
|u1| ≤ Enχ(
∑
m≥0 mχ
−m
1 )
1 (
√
2E)χ1/(χ1−1)‖u1‖2p/(p−2),Ω.
From Propositions 3.1 and 5.3, and Remark 3.1, there exists u2 ∈ H1(Ω) solving∫
Ω
(A∇u2) · ∇vdx +
∫
Γ
u2vds =
∫
ΓN
gvds +
∫
Γ
hvds, ∀v ∈ H1(Ω),
such that it verifies
(34) ess sup
Ω¯
|u2| ≤ Gnχ(
∑
m≥0 mχ
−m
2 )
2 (
√
2G)χ2/(χ2−1)‖u2‖2s/(s−1),∂Ω.
Then, u = u1 + u2 ∈ H1(Ω) is the required solution. Moreover, from (33)-(34)
gathered with Corollary 3.1 we find (32), with LnA = Fn(A, 0) +Hn(A, 0), Mn(B) =
Fn(0, B)+Hn(0, B), and Fn andHn being the functions in accordance with Proposition
3.1. 
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6. Vq,ℓ−1-solvability (q < n/(n− 1), ℓ ≥ 2)
TheW 1,q-solvability depends on the data regularity. In the presence of the boundary
condition (2), the duality theory is more straightforward than the L1-theory when L1
data are taken into account. In order to determine the explicit constant, the following
result of the existence of a solution is based on the duality theory.
First let us recall that, for q > 1, the Lq-norm may be defined as
(35) ‖u‖q,Ω = sup
{
|
∫
Ω
u · gdx| : g ∈ Lq′(Ω), ‖g‖q′,Ω = 1
}
,
for all u ∈ Lq(Ω).
Proposition 6.1. Let f = 0 a.e. in Ω, f ∈ L1(Ω), g ∈ L1(ΓN), h ∈ L1(Γ), (A)-(B)
be fulfilled, and A be symmetric. For any ℓ ≥ 2, there exists u ∈ Vq,ℓ−1 solving (8) for
every 1 < q < n/(n− 1). Moreover, we have the following estimate
‖∇u‖q,Ω ≤ C∞
(
|Γ|(1 + b#) + ‖f‖1,Ω + ‖g‖1,ΓN + ‖h‖1,Γ +(36)
+ (1 + b#) (‖f‖1,Ω + ‖g‖1,ΓN + ‖h‖1,Γ) /b#
)
;
‖u‖ℓ−1ℓ−1,Γ ≤ |Γ|+ (‖f‖1,Ω + ‖g‖1,ΓN + ‖h‖1,Γ) /b#,(37)
with the constant C∞ being explicitly given in Corollary 5.1.
Proof. For each m ∈ N, take fm = Fm(f) ∈ L∞(Ω), gm = Fm(g) ∈ L∞(ΓN), hm =
Fm(h) ∈ L∞(Γ), with
Fm(τ) =
mτ
m+ |τ | .
Applying Proposition 3.1, there exists a unique solution um ∈ V2,ℓ to the following
variational problem∫
Ω
(A∇um) · ∇vdx +
∫
Γ
b(um)vds =
∫
Ω
fmvdx +(38)
+
∫
ΓN
gmvds +
∫
Γ
hmvds, ∀v ∈ V2,ℓ.
In particular, (38) holds for all v ∈ W 1,q′(Ω) for q′ > n. Defining the truncation
operator T1(y) = sign(y)min{|y|, 1}, let us choose v = T1(um) ∈ V2,ℓ as a test function
in (38), obtaining
(39) b#
(∫
Γ[|um|>1]
|um|ℓ−1ds +
∫
Γ[|um|≤1]
|um|ℓds
)
≤ ‖f‖1,Ω + ‖g‖1,ΓN + ‖h‖1,Γ.
Hence, we conclude that (37) is true for um.
In order to pass to the limit (38) on m (m → ∞) let us establish the estimate
(36) for um. Let w ∈ V2,2 be the unique weak solution to the mixed Robin-Neumann
problem (1)-(3), under f = g = h = 0, in accordance with Proposition 3.1. Since A is
symmetric, we infer that∫
Ω
(A∇um) · ∇wdx =
∫
Ω
(A∇w) · ∇umdx =
∫
Ω
f · ∇umdx−
∫
Γ
wumds,
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which gathered with (38) under v = w reads∫
Ω
f · ∇umdx =
∫
Γ
wumds−
∫
Γ
b(um)wds +
∫
Ω
fmwdx +(40)
+
∫
ΓN
gmwds +
∫
Γ
hmwds.
For f ∈ Lq′(Ω) with q′ > n such that ‖f‖q′,Ω = 1, Corollary 5.1 guarantees that the
existence of a L∞-constant C∞ such that ‖w‖∞,Ω + ‖w‖∞,∂Ω ≤ C∞.
By (35) with u = ∇um, and (40), we obtain
‖∇um‖q,Ω ≤ C∞
(
|Γ|(1 + b#) + (1 + b#)‖um‖ℓ−1ℓ−1,Γ[|um|>1] +
+‖f‖1,Ω + ‖g‖1,ΓN + ‖h‖1,Γ
)
.
Applying (39), then (36) holds for um.
Therefore, the passage to the limit as m tends to infinity is allowed, concluding the
proof of Proposition 6.1. 
7. Green kernel
In this Section, we establish the existence of the Green kernel altogether some of its
properties. Here, we follow the approach introduced in [13] in constructing Green’s
function for the Dirichlet problem (see also [17]).
Definition 7.1. For each x ∈ Ω, we say that G = G(x, ·) is a Green kernel associated
to (1)-(3), if it solves, in the distributional sense,
∇ · (A∇G(x, ·)) = δx in Ω;(41)
A∇G(x, ·) · n+ b(G(x, ·))χΓ = 0 on ∂Ω,(42)
where δx is the Dirac delta function at the point x. That is, there is q > 1 such that
G verifies the variational formulation
(43)
∫
Ω
A∇G(x, ·) · ∇vdy +
∫
Γ
b(G(x, ·))vds = v(x), ∀v ∈ Vq,ℓ.
Proposition 7.1. Let n ≥ 2, 1 ≤ q < n/(n − 1), (A)-(B) be fulfilled, and A be
symmetric. Then, for each x ∈ Ω and any r > 0 such that r < dist(x, ∂Ω), there exists
a unique Green function G = G(x, ·) ∈ Vq,ℓ−1 ∩H1(Ω \Br(x)) according to Definition
7.1, and enjoying the following estimates
‖∇G‖q,Ω ≤ C∞
(
1 + (1 + b#)(|Γ|+ 1/b#)
)
;(44)
‖G‖ℓ−1,Γ ≤ (|Γ|+ 1/b#)1/(ℓ−1),(45)
with the constant C∞ being explicitly given in Corollary 5.1. Moreover, G(x, y) ≥ 0
a.e. x, y ∈ Ω.
Proof. Let x ∈ Ω and ρ > 0 be such that Bρ(x) ⊂⊂ Ω. Thanks to Proposition 3.1
with f = 0 a.e. in Ω, g, h = 0 a.e. on, respectively, ΓN and Γ, and f = χBρ(x)/|Bρ(x)|
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belonging to L2n/(n+2)(Ω) if n > 2, and to L2(Ω) if n = 2, there exists Gρ = Gρ(x, ·) ∈
V2,ℓ being the unique solution to
(46)
∫
Ω
A∇Gρ · ∇vdy +
∫
Γ
b(Gρ)vds =
1
|Bρ(x)|
∫
Bρ(x)
vdy,
for all v ∈ V2,ℓ. In particular, if ℓ = 2 (13) reads
(47) ‖∇Gρ‖2,Ω + ‖Gρ‖2,Γ ≤ 2
min{a#, b#} ×

 S2,2ω
1
n
− 1
2
n ρ1−n/2 if n > 2√
|Ω|+1
π
S1,2ρ
−1 if n = 2
.
Therefore, for any r > 0 such that Br(x) ⊂⊂ Ω, there exists G ∈ H1(Ω \Br(x)) such
that
Gρ ⇀ G in H1(Ω \Br(x)) as ρ→ 0+.
In order to G verify
(48) G(x, y) = lim
ρ→0
Gρ(x, y), ∀x ∈ Ω, a.e. y ∈ Ω, x 6= y,
we observe that the Vq,ℓ−1-estimates (44)-(45) are true for G
ρ due to (36)-(37), by
applying Proposition 6.1 with g, h = 0, and f = χBρ(x)/|Bρ(x)| ∈ L1(Ω). Then, we
can extract a subsequence of Gρ, still denoted by Gρ, weakly converging to G in Vq,ℓ−1
as ρ tends to 0, with G ∈ Vq,ℓ−1 solving (43) for all v ∈ W 1,q′(Ω). A well-known
property of passage to the weak limit implies (44)-(45).
In order to prove the nonnegativeness assertion, first calculate
a#
∫
Ω
|∇(Gρ − |Gρ|)|2dy ≤ 2|Bρ(x)|
(∫
Bρ(x)
Gρdy −
∫
Bρ(x)
|Gρ|dy
)
≤ 0.
Then, Gρ = |Gρ|, and by passing to the limit as ρ tends to 0, the nonnegativeness
claim holds, which completes the proof of Proposition 7.1. 
8. Robin-Neumann problem (ℓ = 2)
In the two-dimensional space, Proposition 3.1 leads H1 solution for the Lp-data,
with an arbitrary p > 1. Our concern is then the existence of weak solutions and the
derivation of their estimates in the n-dimensional space: n > 2.
Proposition 8.1. Let f = 0 a.e. in Ω, f ∈ Lt(Ω) with t ≤ 2n/(n+2), g ∈ Ls(ΓN ) and
h ∈ Ls(Γ) with s ≤ 2(n−1)/n, and A be a symmetric matrix satisfying the assumption
(A). Under the assumption (4) with b∗ = 1, there exists u ∈ W 1,q(Ω) solving (8) for
every 1 < q < 2(n − 1)p/[2(n − 1) − p] with p = min{t, s}. Moreover, we have the
following estimate
(49) ‖∇u‖q,Ω ≤Mq
(
1
a#
+
1√
a#
)
(Kt′,q′‖f‖t,Ω +Ks′,q′(‖g‖s,ΓN + ‖h‖s,Γ)) ,
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with
Mq = |Ω|(n−2)/[2(n−1)n]S2,2 +K2,2 +
+2|Ω| 1q− 12
(
S n
n+1
, n
n+1
(|Ω| 12+ 1n + |∂Ω| 12+ 1n ) +K1,1(|Ω| 12 + |∂Ω| 12 )
)
.
Proof. For each m ∈ N, take the approximations fm, gm, and hm as in the proof of
Proposition 6.1, and the corresponding unique solution um ∈ V2,2 to the variational
problem (38). Moreover, (37) is true for um (ℓ = 2).
Let w ∈ V2,2 be the unique weak solution to the mixed Robin-Neumann problem
(1)-(3), under f = g = h = 0, such that (40) reads
(50)
∫
Ω
f · ∇umdx =
∫
Ω
fmwdx +
∫
ΓN
gmwds +
∫
Γ
hmwds.
Moreover, for q′ ≥ 2 (13) reads
(51) ‖w‖1,2,2 ≤
(
1
a#
+
1√
a#
)
|Ω|1/q−1/2‖f‖q′,Ω.
Observe that
‖w‖1,Ω + ‖w‖1,∂Ω ≤
(
S n
n+1
, n
n+1
(|Ω|1/2+1/n + |Γ|1/2+1/n)+(52)
+K1,1
(|Ω|1/2 + |Γ|1/2)) ‖w‖1,2,2.
For any t ≤ 2n/(n + 2), s ≤ 2(n − 1)/n, and q < 2(n − 1)p/[2(n − 1) − p] with
p = min{t, s}, which means 2n/(n − 2) ≤ t′ < 2(n − 1)q′/[2(n − 1) − q′], and 2(n −
1)/(n− 2) ≤ s′ < 2(n− 1)q′/[2(n− 1)− q′] if 2 < q′ < 2(n− 1), Proposition 4.1 (with
δ = 1/2− 1/q′ since h ≡ 0) yields
‖w‖t′,Ω ≤ Kt′,δ
(
(|Ω| n−22(n−1)nS2,2 +K2,2)
(
1
a#
+
1√
a#
)
‖f‖q′,Ω+
+2(‖w‖1,Ω + ‖w‖1,∂Ω)) ≤ Kt′,δMq
(
1
a#
+
1√
a#
)
‖f‖q′,Ω,
considering that (2(n − 1) − q′)/[2(n − 1)q′] < 1 is taken into account, and applying
(52) accomplished with (51). Analogously
‖w‖s′,∂Ω ≤ Ks′,δMq
(
1
a#
+
1√
a#
)
‖f‖q′,Ω.
By (35) with u = ∇um, we infer from (50) that (49) holds for um. Therefore, by
passage to the limit as m tends to infinity, we conclude the claimed result. 
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